Abstract. The Compton camera can collect SPECT data with high efficiency due to electronic collimation. The data acquired from a Compton camera are projections of source activity along cones and are approximated in this paper by cone-surface integrals. This paper proposes the use of an orthogonal spherical expansion to convert the cone-surface integrals into plane integrals. The conversion technique is efficient. Once the plane integrals are obtained, a 3D image can be reconstructed by the 3D Radon inversion formula. The algorithm is implemented and computer simulations are used to demonstrate the efficiency and accuracy of the proposed reconstruction algorithm.
Introduction
Conventional gamma cameras used in SPECT localize gamma emitters by a mechanical collimator. This technique leads to very low efficiency because only a fraction of the radiation is transmitted through the collimator. Also, at any given time only one view of the object is obtained, so the camera needs to move relative to the patient in order to collect all the data necessary for image reconstruction.
A new type of gamma camera for SPECT, originally proposed by Everett et al (1977) and by Singh (1983) and further investigated by other researchers (Singh and Brechner 1990 , Clinthorne 1996 , Gormley 1996 , utilizes Compton scattering for gamma source localization. Using electronic collimation as an alternative to mechanical collimation provides both high efficiency and multiple views of the object. The data collected by such a camera are projections along cone surfaces. This paper presents a new approach to 3D image reconstruction based on the assumption that projection data can be approximated by cone-surface integrals (Cree and Bones 1994 ). An expansion in spherical harmonics is used to convert cone-surface integrals into Radon projections. Once Radon projections are known, the filtered backprojection algorithm can be used to reconstruct the gamma source.
Compton camera design
The camera consists of two planar gamma detectors positioned one behind the other. An incident photon undergoes Compton scattering in detector 1 and is absorbed by detector 2 ( figure 1(a) ). † E-mail address: roman@doug.med.utah.edu 0031-9155/98/040887+08$19.50 c 1998 IOP Publishing Ltd Corresponding positions O and O , as well as energy E deposited in the first detector are measured. Angle β can be found by using
Assuming that O, O and β are known, one can conclude that the gamma source is located somewhere on the cone surface ( figure 1(b) ). The relationship between 3D gamma source distribution f (x) and the rate of photon counting q (O, O , β) for specific O, O and β is given by
where w is a weighting function defined on the surface of the cone and describes relative contribution of different source points. Data acquired by the camera can be considered as samples of q (O, O , β) and are usually called cone-surface projections. The values of w depend on specific design of the camera and may even be different for different cones. In this paper we develop image reconstruction technique for the simplest case w = 1.
Reconstruction
In what follows, we establish a relationship between cone-surface projections associated with a fixed point O on the front detector and Radon projections for planes intersecting O. This relationship allows efficient estimation of Radon projections for a given set of planes intersecting O from a corresponding set of cone-surface projections. Having done this for a sufficient number of points O, the filtered backprojection algorithm can then be used to reconstruct the image.
For a fixed point O on the front detector, let us define two functions, q k (β) and p(n),
where both k and n are unit vectors (figure 2), as follows:
where S(k, β) is a circle obtained by intersection of a cone surface with a unit sphere (figure 3). 
If vector k is in the direction O O, then
Therefore, q k (β), as a function of both k and β, describes all cone-surface projections associated with point O. It also follows from the definition of q k (β) that q k (π/2) is equal to the Radon projection along a plane perpendicular to k and intersecting point O (figure 3). Let us express p(n) in terms of an expansion in spherical harmonics as follows:
The following fundamental relationship exists between q k (β) and p lm (established in the appendix)
Also q k (β), as a function of a unit vector k, can be written as an expansion in spherical harmonics
where the upper index in q (β) lm indicates the dependence of the expansion coefficients on the scattering angle β. Comparing (6) and (7) we obtain
Formulae (6) and (8) are used to calculate Radon projections from cone projections measured for just one value of the scattering angle β. First, the expansion coefficients q (β) lm are evaluated from the samples of q k (β). Then p lm are found using (8). Finally, Radon projections q k (π/2) are found by evaluating expansion (6) for β = π/2.
Evaluation of expansion coefficients for a function sampled on a sphere
In this section, we describe an efficient method of obtaining coefficients of the spherical harmonic expansion for an arbitrary function. Let G(n) be a function that can be approximated by a truncated expansion
or, using the spherical coordinates (θ, ϕ)
where the functions lm (t) are related to the associated Legendre functions P m l (t) as follows:
We also assume that the function samples are given at grid points
which are uniformly distributed in ϕ but arbitrary in θ. We therefore have two different representations of the same function: by its expansion coefficients (spectral representation)
and by its samples (space representation)
We will now develop an efficient method for converting one representation into the other. Interchanging the order of summation in (10) and introducing a new variable t = cos θ , we obtain
where
The samples of the function are given then by
Since (17) represents discrete Fourier transform for every fixed index k, we have
Therefore, one can obtain g m (t k ) using the inverse transform:
Finally, the orthogonal properties of Legendre functions are used to evaluate the expansion coefficients g lm : . . . , N (21) where Gaussian quadrature with coefficients w m k is used to approximate the integral. If we define forward and inverse discrete Legendre transforms of degree m as
and
respectively, we can rewrite (18) and (21) as
The relationship between these different representations is summarized by the diagram:
Algorithm
The reconstruction algorithm consists of three steps:
Step 1. For every point O on the front detector, the expansion coefficients p lm of p(n) are estimated from samples of q k (β) measured for a fixed value of the scattering angle β using (7) and (8).
Step 2. The values of q k (π/2), which are Radon projections along planes intersecting point O, are calculated using (6) (figure 3).
Step 3. The filtered backprojection algorithm is used to reconstruct the image from Radon projections.
Note that the first two steps of the algorithm can be efficiently implemented using the methods described in section 4.
Computer simulations
Computer simulations were performed to test the algorithm. We used a phantom consisting of a uniform sphere with radius 10 cm. Image reconstruction was performed as described above from cone-surface projections q k (π/4) sampled on the grid . . . , N (27) with N = 128 and K = 64. The grid points θ k were chosen as zeros of the Legendre polynomial P 65 (cos θ).
The results of the reconstruction are presented in figures 4 and 5. Figure 4 demonstrates the reconstruction of Radon projections from cone-surface projections for one vertex point O on the front detector. This corresponds to the first two steps of the algorithm. The results of the last step of the algorithm are shown in figure 5 for three different slices through the volume image. 
Summary
A new reconstruction approach for the Compton camera is proposed based on estimation of Radon projections followed by application of the filtered backprojection algorithm. Using a spherical harmonic expansion allows efficient implementation of the algorithm. A complete set of planar projections can be formed from only one camera position if the detector has infinite extent. The reconstruction method assumes that data obtained from a Compton camera can be approximately described as cone-surface integrals of the gamma source distribution. Another commonly used approach is to approximate projection data by a sum of line integrals along cone surfaces (Singh and Doria 1983, Hebert 1990 ). It is not clear at this time if either of these two models accurately represents projections of a Compton camera. More work needs to be done to determine the validity of the assumptions. Other effects such as finite energy resolution, non-uniform detector efficiency for different incident angles and photon attenuation should also be considered in the formation of Compton projection data. It is expected that modifications of the algorithm will be required to achieve a satisfactory image reconstruction with real data.
